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§1. Introduction

The notion of algorithms is fundamental to all of computer science. Simply
put, an algorithm is a finite sequence of precise and simple instructions. Of-
ten, we also consider algorithms with respect to these general features (cf. [7,

§1.1]):

(i) Finiteness. An algorithm is a finite sequence of finite statements. It
must also terminate after a finite number, however large, of steps.

(ii) Definiteness. Each step of an algorithm must be precisely defined, in
rigorous and unambiguous terms.

(iii) Input. Zero or more inputs are initially given before execution.
(iv) Output. An algorithms generates one or more outputs.

(v) Effectiveness. Each operation defined must be sufficiently simple that,
in principle, it can be completed exactly by human manually, given suf-
ficient time.

By way of introduction, we consider, as our opening topic, the so-called
stable-matching problem. Suppose that, in a seminar, there are a number of
computer science majors and the same number of engineering majors. We
wish to pair every computer science major with a unique engineering major



1 2 3 1 2 3

Xavier | Ann Beth Chloé Ann Yusuf Xavier Zack
Yusuf | Beth Ann Chloé Beth | Xavier Yusuf Zack
Zack Ann Beth Chloé Chloé | Xavier Yusuf Zack

Table 1.1: Preferences of potential partners

for an interdisciplinary project. For this, we assume in addition that every
computer science major has ranked all their potential partners according to
their preference and so has every engineering major. Our goal is to form a
perfect matching, everyone having a unique partner, that is stable, i.e., no
one benefits by breaking up with their matched parter to form a new pair in
which both partners mutually prefer each other to their matched partners.

Let A and B be finite sets of the same order n > 0. Assume that each
member of A has a ranking of preference, with no ties, of all members of B
and vice versa. A perfect matching between A and B is a relation M C Ax B
such that, for every a € A, there is unique b € B such that (a,b) € M (that
is, M induces a one-to-one correspondene between A and B). Given a perfect
matching M, we call a pair (a,b) € A x B such that (a,b) € M unstable if a
and b mutually prefer each other to their partners matched by M. If there
is no unstable pair for such an M, then we call M a stable matching.

Ezample 1.1. Consider three computer science majors, named Xavier, Yusuf
and Zack, and three engineering majors, named Ann, Beth and Chloé. We
wish to pair every computer science major with a unique engineering major.
The students’ ranked preferences for their potential partners are given in
Table 1.1 (for example, the first row in the left table indicates that Xavier’s
most preferred partner is Ann, followed by Beth and Chloé).

(a) Do the three pairs (Xavier, Chloé), (Yusuf, Beth), (Zack, Ann) form
a stable matching? No, Xavier and Beth prefer each other over their
matched partners (namely, Chloé and Yusuf for Xavier and Beth, re-
spectively). That is, (Xavier, Beth) is an unstable pair.

(b) How about (Xavier, Ann), (Yusuf, Beth), (Zack, Chloé)? Yes, in this
case, it is not difficult to check that no unstable pair exists, so these
form a stable matching.

(c) Is that the only stable matching? No, (Xavier, Beth), (Yusuf, Ann),
(Zack, Chloé) also make up another stable matching.



A natural question is then, in general, given such input, does a stable
matching always exist? If so, how can we find one?
Formally, we consider

Stable matching.

Given: sets A and B of the same order n, each a € A ranking allb € B and
each b € B ranking all a € A with no ties.

Find: a stable matching between A and B.

Consider this so-called propose-and-reject approach: members of A pro-
pose to members of B, and members of B either accept or reject such pro-
posals, all according to the given preferences. Initially, all a € A and b € B
are free. To begin, an a € A asks b € B who ranks at the top of a’s prefer-
ence. With b available, b accepts a to tentatively form (a,b). Suppose that
an a’ € A also ranks the same b at the top and asks b, who has already been
paired with a. If b prefers to remains with a, then b rejects @/, and o’ will
ask the next candidate in B. If, however, b prefers a’ to a, then b breaks
up with a and accepts o’ to form (a’,b), making a free. Being freed, a will
then ask the next candidate in B. This will continue until all are matched.
It is important to note that a member of A never asks the same member of
B again.

This approach was first proposed and formalized by D. Gale and L. S.
Shapley in [4]. We now formalize the Gale-Shapley algorithm in:

procedure stable-matching(A, B):
begin
initialize all @ € A and all b € B to be free;
while there is a free a € A, having not asked all b € B, do begin
select such an a € A;
b < a’s first candidate in B whom a has not asked;
if b is free then
b accepts a to form (a,b)
else if b is paired with a’ € A but prefers a to a’ then
b accepts a to form (a,b), making a’ free
else
b declines a
end
end



To prove its correctness, we first note two simple facts. (i) Every a € A
asks all b € B in the decreasing order of a’s preference. (ii) Once a b € B is
paired, b never becomes free.

Lemma 1.2. stable-matching(A, B) finds a perfect matching between A and
B.

Proof. Suppose otherwise. Since every member of A is matched with at most
one member of B, where |A| = | B|, there must be unmatched members a € A
and b € B. Since b is unmatched, b has never been asked by anyone from A.
On the other hand, since a is unmatched, ¢ must have asked everyone in B.
This is a contradiction. O

We are now ready to prove

Theorem 1.3. stable-matching(A, B) finds a stable matching between A
and B.

Proof. By Lemma 1.2, it is sufficient to prove that there is no unstable pair
for the perfect matching found. Suppose conversely that there is indeed an
unstable pair, say, (a,b) for some a € A and b € B.

We first note that a must have asked b once, for, otherwise, a prefers a’s
matched partner to b, implying that (a,b) is not unstable. It then follows
that a is not matched with b because b declined a when asked. That is, b
prefers b’s matched partner to a, implying that (a,b) is not unstable. Thus,
we conclude that no unstable pair exists. O

As for runtime, we note that, for each iteration, a member of A always
asks a new member of B. Therefore, there are at most n? such rounds. This
proves

Theorem 1.4. stable-matching(A, B) terminates after n? rounds. g

As in the last example, there may be multiple stable matchings between
A and B. In such cases, which one does the Gale-Shapley algorithm find?

For a € A and b € B, we call a and b valid partners of each other if (a,b)
is in some stable matching between A and B. Theorem 1.3 extends to

Theorem 1.5. stable-matching(A, B) finds a stable matching between A
and B such that



(i) each a € A is paired with a’s best valid parter in B, and

(ii) each b € B is paired with b’s worst valid partner in A.

Proof. Let S denote the stable matching found by stable-matching(A, B).
To prove (i), suppose conversely that S pairs a € A with someone in B other
than a’s best valid partner. That is, a was declined by a valid partner in B.
We may assume that a is the first such member of A. Let b € B be a’s first
valid partner to decline a. Let S’ be a stable matching that contains (a,b).
When b declined a, suppose that b was paired with @’ € A. Suppose that
(@', V) € S for some V' € B.

Since a is the first member of A to be declined, @’ had not been declined
by anyone in B when a was declined by b. That is, b was the first member
of B whom a’ asked when b paired with o/, implying that a’ prefers b to v'.
On the other hand, b declined a when b was paired with a’, so b also prefers
a’ to a. Hence, (a’,b) is an unstable pair for S’. From this contradiction, (i)
follows.

We leave the proof of (ii) as an exercise (see also [5, (1.8)]). O

§2. Analysis of algorithms

When analyzing efficiency of an algorithm formally, we most often measure
the time it takes in the worst case. We represent time in a function f of the
input size n, where f(n) corresponds to the number of “unit operations”
executed. We call such a function the time complexity of the algorithm.

One might wonder why we focus on the worst case, which might not ac-
curately reflect what happens in practice. An important advantage is that
we can assert simple, absolute statements about complexity, without wor-
rying about various instances that might arise. It also turns out that there
is no other effective alternative to such worst-case analysis.

To categorize efficiency, we will consider time complexity with respect to
broad families of functions, such as the linear and quadratic families. Each
such family will be identified by an asymptotic order of growth, such as

1, logy n, n, nlogyn, n?, n3, ..., 2% nl, ...

Among them, we distinguish families represented by asymptotic orders of the
form n¢ for a constant ¢ > 0. We call time complexity that belongs to such
a family polynomial time. In fact, this notion of polynomial time formally
defines efficiency; that is, an algorithm is efficient if it has polynomial-time
complexity.



In general, polynomials represent slow growth. Indeed, when the input
size n is doubled, an n°-time algorithm’s runtime increases only by the con-
stant factor 2¢ for a constant ¢ > 0. In the theory of computing, polynomial
time has also proven to be a robust model in which to measure and compare
algorithm efficiency. Finally, polynomial-time algorithms usually expose in-
herent, often elegant, structures of the underlying problems.

To focus on the asymptotic order of growth, suppressing inessential de-
tails, we will use so-called asymptotic notation.

As usual, let N = {0,1,2,...}, the set of all natural numbers, and R=°
denote the set of all nonnegative real numbers. For simplicity, we will focus
on functions mapping N into RZ°. Of fundamental importance is this

Definition. For functions f and g mapping N into RZ°, we say f(n) is
O(g(n)) for n € N if there are constants ¢ > 0 and ng > 0 such that

f(n) < cg(n)

for all integers n > ny.

The purpose is to categorize a given function f under another function
g that represents a growth rate, by approximating f from above with g. For
this, it is also customary to write f(n) = O(g(n)) to mean f(n) is O(g(n)),
as the O-notation was originally introduced to replace the “~” sign by the
“=" sign (see, e.g., [8, Chapter I]). Some authors also use O(g(n)) to denote
the set of all functions f(n) for which there are constants ¢ > 0 and ng > 0
such that f(n) < cg(n) for all n > ngy. In that case, we write f(n) € O(g(n))
if f(n) satisfies such a property.

Analogously, for lower and tight bounds, we will use 2 and O, respec-
tively, as proposed in [6]. Consider again functions f and g mapping N into
R=%. We say f(n) is Q(g(n)) for n € N if there are constants ¢ > 0 and
ng > 0 such that

f(n) = cg(n)
for all integers n > ng. Wesay f(n) is O(g(n)) for n € Nif f(n)is O(g(n) as

well as Q(g(n)), or, equivalently, if there are constants ¢,¢’ > 0 and ng > 0
such that

dg(n) < f(n) < cg(n)
for all integers n > ny.

All three properties are transitive in the following way.

Lemma 2.1. Let f,g and h be functions mapping N into R=Y.



(i) If f(n) is O(g(n)), and g(n) is O(h(n)), then f(n) is O(h(n)).
(i) If f(n) is Q(g(n)), and g(n) is Q(h(n)), then f(n) is Q(h(n)).
(iii) If f(n) is O(g(n)), and g(n) is ©(h(n)), then f(n) is O(h(n)).

Proof. To prove (i), suppose that f(n) is O(g(n)) and that g(n) is O(h(n)).
That is, there are constants ¢; > 0 and n; > 0 such that f(n) < c1g(n)
for all n > ny. Similarly, there are constants co > 0 and no > 0 such that
g(n) < cah(n) for all n > ny. Let ¢ = c1eg and ny = max(ny, ng). Evidently,
f(n) < ch(n) for all n > ng, proving (i).

Analogously, (ii) and (iii) follow. O

These properties are also preserved in sums.

Lemma 2.2. Let f,g and h be functions mapping N into R=Y.

(i) If f(n) is O(h(n)), and g(n) is O(h(n)), then f(n)+g(n) is O(h(n)).
(ii) If f(n) is Q(h(n)), and g(n) is Q(h(n)), then f(n)+ g(n) is Q(h(n)).
(iii) If f(n) is ©(h(n)), and g(n) is O(h(n)), then f(n)+ g(n) is O(h(n)).

Proof. To prove (i), suppose that f(n) is O(h(n)) and that g(n) is O(h(n)).
That is, there are constants ¢; > 0 and n; > 0 such that f(n) < cih(n)
for all n > nq. Similarly, there are constants co > 0 and no > 0 such that
g(n) < coh(n) for all n > ny. Here, if ¢ = ¢; + ¢o and ng = max(ni,na),
then f(n) 4+ g(n) < ch(n) for all n > ng, proving (i).

Analogously, (ii) and (iii) follow. O

This lemma does not extend to products, however. Noteworthy is

Proposition 2.3. For functions f and g mapping N into RZ°, f(n) is
O(g(n)) if and only if g(n) is Q(f(n)).

Proof. Suppose that f(n) is O(g(n). That is, there are constants ¢ > 0 and
no > 0 such that f(n) < cg(n) for all n > ngy. If ¢ = 1/¢, then g(n) > ¢ f(n)
for all n > ng, proving that g(n) is Q(f(n)). Analogously, the converse also
holds. O

An immediate and yet important consequence of this is

Corollary 2.4. For functions f and g mapping N into RZ°, f(n) is
O(g(n)) if and only if g(n) is O(f(n)). O



Given two functions, how do we compare the asymptotic growth rate of
one with that of another? For example, if f(n) = nlog,n and g(n) = n?, it
makes sense to assert that g grows faster than f. But how is such “fastness”
formally defined?

Let f and g be functions mapping N into RZ%. Formally, we say g grows
asymptotically faster than f if

lim (—n) =0.
n—oo g(n)
In such a case, we also use the o-notation and write f(n) = o(g(n)).

Similarly, we may say functions f and g have the same asymptotic growth
rate if this limit converges to a positive constant, rather than zero. We note,
in particular,

Proposition 2.5. For functions f and g mapping N into R=9, if
lim () =

n—oo g(n)

for a constant ¢ > 0, then f(n) is ©(g(n)).

Proof. Suppose that
f(n)

lim —+~ =¢
n—soo g(n)

for a constant ¢ > 0. We recall that, by definition, given any € > 0, there is
ne > 0 such that
f(n)

<

g(n)

for all integers n > n.. In particular, there is ng > 0 such that
—(n) — c’ <
g9(n)

€
2
for all integers n > ng. It then follows that
c 3c
© oln) < 1) < % gm)
for all integers n > ng. We conclude that f(n) is ©(g(n)). O

We conclude this section with an analysis of a well-known algorithm for



Sorting.
Given: an array A of n comparable elements.
Find: all elements of A sorted in the increasing order.

We recall the bubblesort algorithm formalized in:

procedure bubblesort(A):
begin
for i < 1 until n — 1 do
for j + 1 until n — 7 do
if A[j] > A[j + 1] then
swap A[j] and A[j + 1]
end

As customary with sorting algorithms, for the runtime analysis, we will
focus on the number of element comparisons performed.

Theorem 2.6. bubblesort(A) sorts n elements in O(n?) time.

Proof. The algorithm correctly sorts all elements of A by performing n — 1
passes: For ¢ = 1,...,n — 1, during the ith pass, the ith largest element is
bubbled up to its appropriate entry by sequentially swapping adjacent en-
tries A[j] and A[j + 1], if necessary, for j = 1,...n — 4. In bubblesort(A),
the inner for-loop defines a single pass.

Fori=1,...,n—1, during the ith pass, n — ¢ element comparisons are
performed, as summarized below.

Pass Comparisons
1 n—1
2 n—2

n—1 1

The total number of comparisons performed is thus defined by:

fn) = 14+24---+n-1
B (n—1)n
B 2
Clearly, f(n) < (1/2)n? for all n > 1. We conclude that bubblesort(A) runs
in O(n?) time. O



§3. Graph algorithms

A graph G is defined by a pair (V, E), where V is a finite set of nodes (or
vertices), and E is a finite set of edges each of which is defined by a pair of
nodes. Unless stated otherwise, graphs will be undirected, where all edges
are undirected, defined by unordered pairs of nodes, and simple, meaning
that no multiple edges of the same pair of nodes nor loop edge of a pair of
the same node exists. For v,w € V, if (v,w) € E, then we say v is adjacent
to w (and vice versa), and e = (v, w) is an edge incident to v (as well as w).
For v € V| the degree of v, denoted by d(v), is the number of nodes adjacent
to v.

To specify such graphs as input, there are two common types of repre-
sentations. Consider a graph G = (V, E) and n = |V| and m = |E| as input
parameters of G. We also label the nodes as vy, ..., v,.

For the adjacency-matrix representation, we use an n X n 0-1 matrix A
such that the entry in the ith row and jth column A[i, j| = 1 if (v;,v;) € E,
or 0 otherwise, for i = 1,...,nand j = 1,...,n. As G is undirected, A is
symmetric along the diagonal, i.e., Afi,j] = A[j,i] fori =1,...,n and j =
1,...,n. As G is simple, the diagonal entries are also all 0, i.e., Afi,i] =0
fori=1,...,n. An important advantage of such a representation is that it
only takes O(1) time to examine whether or not there is an edge between any
two nodes, by inspecting A[i, j] to determine if (v;,v;) € Efori=1,...,n
and j = 1,...,n. However, regardless of the number of edges, it requires
Q(n2) space to represent any graph, and it requires O(n2) time to examine
all edges.

For so-called sparse graphs, e.g., graphs with O(n) edges, the adjacency-
list representation is more efficient. For this, we use an array A of length n,
where the ith entry A[i] refers to a linked list of all nodes adjacent to v; € V'
for i = 1,...,n. As G is undirected, each edge is represented in two lists.
To determine whether or not there is (v;,v;) € E, it takes O(d(v;)) time to
examine the list of length d(v;) from Afi] for i = 1,...,nand j =1,...,n.
An important advantage is that it requires Q(n +m) space to represent any
graph, and it takes O(n + m) time to examine all edges.

Let G = (V, E) be a graph. A path is a sequence of nodes p = (v1,...,vg)
for vq,...,vx € V such that (v;,vi41) € Efori=1,...,k—1 (thatis, k > 2).
For such a p, we call k—1 the length of p. We call such a p simpleifvy,..., v
are all distinct. We call such a p a cycle if v1 = v, k > 3, and vy,...,v5_1
are all distinct. For v,w € V', we say w is reachable from v (and vice versa)
if there is a path between v and w in G, and we say the minimum length of
such a path the distance between v and w in G.

10



A graph is connected if there is a path between every pair of distinct
nodes. A connected graph is a tree if it has no cycle. This formal definition
of trees is characterized in this simple

Lemma 3.1. For a graph G of n nodes, any two of the following imply the
third:

(i) G is connected.

(ii) G has no cycle.
(ili) G has n — 1 edges. O

A fundamental question concerning connectivity is

s-t connectivity.
Instance: a graph G = (V, E) and nodes s,t € V.
Question: Is there a path between s and t?

In fact, in practice, it is more useful to consider

s-t shortest path.
Given: a graph G = (V, E) and nodes s,t € V.
Find: the length of a shortest path between s and t.

To solve such problems for a graph G = (V, E), we need to explore all
nodes reachable from a given source s € V; that is, we need to essentially
explore the entire graph in the worst case.

One strategy is to explore outward from s in all directions, one layer at
a time. In particular, if G has n nodes, we consider building these layers:

Ly = {s}

Ly = {veV:visadjacent to s}

Ly = {veV —(LpUL;):wvis adjacent to a node in L}

Li = {veV —(LyU---UL;_q):vis adjacent to a node in L; 1}
L,y = {veV —(LyU---ULy,_9):vis adjacent to a node in L,_o}

We will see that L; consists of all nodes of distance ¢ from s for ¢ = 1,...,
n — 1. Since the furthest node from s is at distance n — 1, if a node v € V'
is reachable from s, then v must be in one of these layers.

11



We now formalize this approach, called breadth-first search (BFS), in:

procedure BFS(G, s):
begin
mark s and unmark all other v € V;
Lo + {s};
1+ 0;
while L; # () do begin
Liy1 + 0;
for each v € L; do
for each e = (v, w) for unmarked w € V do begin

mark e;
mark and insert w into L;41
end;
14—1+1
end
end

By induction, it is not difficult to prove

Theorem 3.2. If Lo, Ly, ..., Ly,_1 are the layers built by BFS(G, s), then

L; consists of all nodes of distance i from s fori=1,...,n—1; in particular,
for given t € V, there is a shortest path of length i from s to t if and only if
t € L; for an integer i, where 0 <i<mn —1. O

Proof. To begin, we note that L consists of all nodes adjacent to s and thus
of distance 1 from s.

As an inductive hypothesis, we now suppose that L; consists of all nodes
of distance ¢ from s for an integer i, where 1 <4 < n—1. To build L;11, the
algorithm inserts into L;y; all nodes w ¢ L; for j = 0,1,...,7 such that w
is adjacent to a node in L;. As w is adjacent to a node in L;, the distance
between such a w and s is < ¢ + 1; in fact, the distance cannot be < ¢ + 1
since w ¢ Lj for j =0,1,...,i. Thus, L;11 consists of all nodes of distance
¢+ 1 from s. (]

The marked edges, also called discovery edges, form a tree called a BFS
tree, and it consists of shortest paths to all reachable nodes from s.
We now analyze its runtime and prove

Theorem 3.3. BFS(G, s) runs in O(n+m) time for a graph G of n nodes
and m edges given by an adjacency list.

12



Proof. We first note that, after reading the input, the runtime is proportional
to the total number of edges examined to build the layers Lo, L1, ..., Ly_1.
For this, it suffices to count, for ¢ = 0,1,...,n—1, for each v € L;, the num-
ber of edges incident to v, namely, d(v). That is, the total number of edges
examined is the sum of d(v) for all v € V.

By the degree-sum formula (also called the handshaking lemma),

Z d(v) =2m

veV

(see, e.g., [2, §B.4]); to see this, we may regard that each edge (v, w) € E for
v,w € V contributes exactly twice in the sum, once in d(v) and once in d(w).

In conclusion, with the time to read the input, the total runtime is then
proportional to n + m + 2m, which is O(n + m). O

A graph G = (V, E) is bipartite if there is a partition of V into subsets
X and Y of V such that every edge of G connects a node in X and a node
inY.

As an important application of breath-first search, we next consider

Bipartiteness.
Instance: a graph G = (V, E).
Question: Is G bipartite?

For this, we will consider a problem of finding a cycle of odd length.

Lemma 3.4. A bipartite graph contains no cycle of odd length.

Proof. Consider a cycle of length 2k + 1 consisting of nodes vy, va,. .., Vag+1
for an integer k > 1. To partition the set {vy,va,...,vo+1} into subsets X
and Y, without loss of generality, suppose that we put v; into X. Then we
must put vy; into Y and vg; 41 into X for i = 1,..., k, resulting in (vogt1,v1)
connecting two nodes in X. We conclude that no desired bipartition exists
for a graph with such a cycle. O

Theorem 3.5. For a connected graph G = (V, E) of n nodes and s € V, if
Lo, Ly,...,Ly_1 are the layers built by BFS(G, s), then either

(i) no edge of G connects two nodes of the same layer, and G is bipartite,
or

(ii) an edge of G connects two nodes of the same layer, and G contains a
cycle of odd length.

13



Proof. We first recall that, since L; consists of the nodes of distance i from
sfori=1,...,n—1, every edge of G connects two nodes either in the same
layer or in adjacent layers. Thus, if no edge of G' connects two nodes of the
same layer, then every edge of G connects two nodes in adjacent layers; in
particular, if we define, for £ = |(n — 1)/2],

14 L

X = U Lyj and Y = U Loji1,
j=0 J=0

then every edge connects a node in X and a node in Y.

To complete the proof, we suppose that an edge of G connects two nodes
of the same layer. In particular, we consider an edge e = (z,y) for z,y € L;
for an integer j, where 1 < j < n—1. Consider z € L; for an integer ¢, where
0 <i < j, such that z is the closest common ancestor of z and y in the BFS
tree T resulting from executing BFS(G, s) with s as its root. Consider next
a cycle ¢ consisting of the edge e, the unique path p, from z to z in 7" and
the unique path p, from 2 to y in T'. Since p, and p, both have length j — 1,
with e, the length of ¢ is then 2(j — ) 4+ 1, which is clealy odd. O

An immediate consequence of Theorem 3.5 is then

Corollary 3.6. A graph is bipartite if and only if it contains no cycle of
odd length. O

In summary, to determine whether a given connected graph G = (V, E)
of n nodes is bipartite, it suffices to select s € V' and run BFS(G, s). Using
the resulting layers Lo, L1, ..., L,—1, we form, for £ = |(n —1)/2],

14 l

X = U ng and Y = U L2j+1.
§=0 J=0

If no edge of G connects two nodes in X or two nodes in Y, then G is bi-
partite; otherwise, G is not bipartite. This proves

Theorem 3.7. Whether or not a graph of n nodes and m edges, given by
an adjacency list, is bipartite can be determined in O(n + m) time. U

We now return to the s-t connectivity problem for a graph G = (V, E)
and s,t € V. Alternative to breadth-first search is to explore outward from s
in one direction recursively until reaching a “dead end” and then backtrack

14



to a node adjacent to an unexplored node to restart it again. We formalize
this approach, called depth-first search (DFS), for any given v € V in:

procedure DFS(G,v):

begin
mark v;
for each e = (v, w) for unmarked w € V do begin
mark e;
DFS(G,w)
end
end

As with breadth-first search, the marked edges, again called discovery
edges, form a tree called a DFS tree. As depth-first search is defined recur-
sively, the resulting DFS tree is, naturally, constructed recursively as well;
in particular, we note this simple

Lemma 3.8. IfDFS(G,v) resursively invokes DFS(G,w), then, in the DFS
tree resulting from executing DFS(G,v), all edges marked by DFS(G,w) form
a subtree with a root w. U

We call the edges not marked by depth-first search, i.e., not in the DFS
tree, the back edges, as such edges connect nodes with their ancestors in the
DFS tree (see, e.g., [1, §5.2]). For this, we prove this important

Theorem 3.9. For a graph G = (V, E), if e = (v,w) € E is not in a DFS
tree T of G, then one of v and w is an ancestor of the other in T.

Proof. Without loss of generality, suppose that depth-first search resulting in
T marks v before w. When DFS(G, v) examines e = (v, w), it does not mark
e because w has already been marked. However, since v is marked upon the
invocation of DFS(G,v) but before w is marked, when DFS(G, v) was first
invoked, w was yet to be marked. Therefore, w was marked while executing
DFS(G,v). By Lemma 3.8, w is a decendant of v in 7. O

Clearly, an edge of a tree always connects a node with its ancestor in the
tree; that is, Theorem 3.9’s statement in fact applies to all edges.

Corollary 3.10. If T is a DFS tree of a graph G = (V, E), then, for every
e = (v,w) € E, one of v and w is an ancestor of the other in T. g
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Since the runtime of depth-first search is also proportional to the total
number of edges examined, analogous to Theorem 3.3, we note

Theorem 3.11. DFS(G, s) runs in O(n+m) time for a graph G of n nodes
and m edges given by an adjacency list. O

To compare how, in particular, in what order, breath-first and depth-first
search explore nodes, it is helpful to consider the following implementations
that use well-known data structures, namely, a queue and a stack.

Using a queue, breath-first search may be naturally implemented as in:

procedure BFS(G, s):
begin
mark s and unmark all other v € V;
initialize a queue @ to empty;
Q.enqueue(s);
while not Q.isEmpty() do begin
v < Q.dequeue();
for each e = (v, w) for unmarked w € V' do begin
mark e and w;
Q.enqueue(w)
end
end
end

On the other hand, using a stack, depth-first search may be implemented
now nonrecursively as in:

procedure DFS(G, s):
begin
mark s and unmark all other v € V;
initialize a stack S to empty;
S.push(s);
while not S.isEmpty() do begin
v < S.pop();
if v is unmarked then begin
mark v;
for each e = (v,w) for w € V do
S.push(w)
end
end
end
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It is important to note that, unlike in the original version, in this non-
recursive implementation, we do not mark the so-called discovery edges. To
construct a DFS tree, we will need to maintain, in addition, a record of the
last “parents” of nodes whenever they are pushed into the stack; in particu-
lar, whenever a node w is pushed into the stack via an edge (v, w) for v € V,
we mark the parent of w as v, overwriting the existing parent in case w has
been pushed before. We then construct a DFS tree by tracing such unique
parents of nodes.

For the rest of this section, we will focus on directed graphs, i.e., graphs
all of whose edges have directions. Formally, a directed graph G is defined by
a pair (V, E), where V is a finite set of nodes, and E is a finite set of directed
edges defined by ordered pairs of the form (v, w) for v,w € V; in particular,
(v,w) now defines an edge from v to w (which is different from (w,v), an
edge from w to v) for v,w € V. As with undirected graphs, directed graphs
also admit, while not “symmetric”, both adjacency-matrix and adjacency-
list representations. The notions of paths, cycles, reachability and distance
defined for undirected graphs also naturally extend to directed graphs.

Let G = (V, E) be a directed graph. For v,w € V', we say v and w are
mutually reachable if there are a path from v to w and a path from w to v in
G. We say G is strongly connected if every pair of nodes of V' are mutually
reachable.

A natural question is then

Strong connectivity.
Instance: a directed graph G = (V, E).
Question: Is G strongly connected?

We first begin with this important

Lemma 3.12. Let G = (V, E) be a directed graph and s € V. Then G is
strongly connected if and only if every v € V, where v # s, is reachable from
s, and s is reachable from every v € V, where v # s.

Proof. If G is strongly connected, then the conclusion immediately follows.
We suppose that every v € V', where v # s, is reachable from s, and that s
is reachable from every v € V', where v # s. Consider x,y € V. A path from
x to s and a path from s to y gives a path from x to y. Similarly, there is a
path from y to x through s. Thus, x and y are mutually reachable. O

Lemma 3.12 then takes us to
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Theorem 3.13. Whether or not a directed graph of n nodes and m edges,
given by an adjacency list, is strongly connected can be determined in
O(n +m) time.

Proof. Let G = (V, E) be a given directed graph. To begin, we select s € V.
We first run breadth-first search on G from s to determine if all other nodes
in G are reachable from s. We also reverse the directions of the edges of G to
form G’ = (V, E’), where E' = {(v,w) : (w,v) € E}, and run breadth-first
search on G’ from s to determine if there are paths to s from all other nodes
in G. If both answers are affirmative, then we conclude that G is strongly
connected; otherwise, we conclude that G is not strongly connected.

The correctness follows from Lemma 3.12. As for its runtime, it takes
O(n + m) time to reverse G’s edge directions to form G’. We recall that it
also takes O(n 4+ m) time to run breadth-first search. O

If a directed graph has no directed cycles, then we call such a graph a
directed acyclic graph (DAG). It turns out that DAGs arise naturally in vast
areas of applications, especially in computer science (see, e.g., [5, §3.6]). Of
particular importance is their useful linear orderings of nodes.

Formally, a topological ordering of a directed graph G = (V, E) is a linear
ordering (v1,...,vy) of all nodes of V' such that, if (v;,v;) € E, then ¢ < j
fori=1,...,nand j=1,...,n.

We begin with two elementary lemmata followed by a theorem.

Lemma 3.14. If a directed graph G has a topological ordering, then G is a
directed acyclic graph.

Proof. Let G = (V, E) be a directed graph that has a topological ordering
(v1,...,vy) of all nodes of V. Suppose conversely that G has a cycle, say, c.
Let v; be the node with the least index in ¢ for an integer 7, where 1 < i < n,
and v; be the node that precedes v; in ¢ for an integer 7, where 1 <1 < j < n.
Clearly, (vj,v;) € E but j > i. This is a contradiction. O

Lemma 3.15. If G is a directed acyclic graph, then G has a node to which
there is no edge.

Proof. Let G = (V, E) be a directed acyclic graph. Suppose conversely that
there is an edge to every v € V. Consider a node x € V' to which there is an
edge (¢/,z) € E for 2’ € V. To such an 2/, there is also an edge (z”,2') € E
for " € V. We continue tracing back such edges to form a directed path in

18



the reverse direction until we encounter the same node, say, y, twice. The
sequence of nodes between two successive encounters with y form a cycle.
This is a contradiction. O

We conclude with

Theorem 3.16. A directed graph G has a topological ordering if and only
if G is a directed acyclic graph.

Proof. By Lemma 3.14, it suffices to only prove that, if G is a directed acyclic
graph, then G has a topological ordering. Consider a directed acyclic graph
G = (V, E) of n nodes. We will prove by induction on n.

If n =1, then the only node itself forms a topological ordering.

For n > 1, as an inductive hypothesis, suppose that the assertion holds
for directed acyclic graphs of n — 1 nodes. By Lemma 3.15, there is v € V to
which there is no edge in G. Let G’ be the graph defined by removing v and
all (v,w) € E for w € V. Since G’ is a directed acyclic graph of n — 1 nodes,
by the inductive hypothesis, G’ has a topological ordering t(G’). Appending
v as the first node to ¢(G’) gives a topological ordering of G. O

Based on this proof, we now formalize

procedure topological-sort(G):
begin
if |V| =1 then return (v)
else begin
find v € V' to which there is no edge;
remove v and all (v,w) € E for w € V from G;
return v appended, as the first node, to topological-sort(G)
end
end

It remains to prove

Theorem 3.17. A topological ordering of a directed acyclic graph of n
nodes and m edges, given by an adjacency list, can be found in O(n + m)
time.

Proof. Consider a directed acyclic graph G = (V, E). To achieve O(n + m)

time, we maintain, in a queue, the set of all nodes to which there are cur-
rently no edges. Meanwhile, for this, as we remove nodes and edges from G,
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we also need to update, in an array, for each v € V', the current number of
incoming edges (u,v) € E for u € U. Given such an array, we insert v € V'
into the queue upon detecting the number of v’s incoming edges becoming
zZero.

For such bookkeeping, before we invoke topological-sort(G), we must ini-
tialize both the array and queue, in O(n+m) time. After this initialization,
the total runtime of the recursive procedure is then proportional to the total
number of edges of G. g

§4. Greedy algorithms

While there is no formal definition, in general, a greedy algorithm builds up
a solution in small steps, selecting a “locally optimal” option myopically at
each step, for an overall optimal solution. As we will see, it is important to
note that, in many cases, such a greedy approach does not always guarantee
an overall optimal solution; however, when it does, it usually does so with
a simple elegant algorithm.

We begin with the following single-resource scheduling problem: We are
given a set of n jobs, each defined by a pair (s, f;) such that s; < f;, where
s; and f; indicate, respectively, the start and finish time of a job j for j =
1,...,n. The goal is to find the maximum number of jobs in the given set
such that no two jobs’ intervals overlap.

Formally, we say jobs (sj, f;) and (sj, fjr) are compatible if f; < sj or
fjr < sj. We consider

Interval scheduling.
Given: a set of jobs J, each specifying the start and finish time.
Find: the mazimum number of mutually-compatible jobs in J.

As a greedy solution, it might be tempting to simply select jobs, one at a
time, with the earliest start time, shortest interval, or least number of con-
flicts. However, it is also not difficult to construct simple counterexamples
for such heuristics (see, e.g., [5, Figure 4.1]).

In this case, it turns out that the correct strategy is to select jobs one
at a time to make the resource free as early as possible. That is, we select
a job with the earliest finish time.

We formalize this greedy approach in the next procedure. In the follow-
ing, to simplify notation, for a job j defined by a pair (s;, f;), we also denote
sj and f; by s(j) and f(j), respectively.
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procedure interval-scheduling(J):
begin
sort and label all j € J so that f; < -+ < fn;
G+ 0;
for j < 1 until n do
if j is compatible with the last job added to G then
add j to G;
return G
end

For its correctness, we prove

Theorem 4.1. interval-scheduling(.J) finds an optimal set of mutually-com-
patible jobs.

Proof. Let G = {g1,...,9x} be the “greedy” solution the algorithm returns,
where g1, ..., gr are added to G in this given order. We also consider inde-
pendently an optimal solution O = {ji,...,jw }, where f(j1) <--- < f(jw)-
We will prove that k = k’.

We will first prove by induction that f(ge) < f(j¢) for £ =1,... k. To
begin, since g is the job that finishes first in J, clearly, f(g1) < f(j1). As an
inductive hypothesis, suppose that f(gm,) < f(jm) for an integer m, where
1 <m < k. Since j,, and j,,4+1 are compatible jobs, f(jm) < $(Jm+1). Since
flgm) < f(Gm), then, f(gm) < s(Jm+1)- Since gm+1 is a job with the earliest
finish time that is compatible with g,,, and j,,4+1 is compatible with g,,, it
follows that f(gm+1) < f(Jm+1)-

To complete the proof, we suppose conversely that & > k and consider
Jk+1 € O. We have just shown that, in particular, f(gx) < f(jx). Therefore,
$(Jr+1) = fUk) = f(gk)- AS jgs1 is compatible with g, the algorithm must
have added at least one more job to G. This is a contradiction. (|

As its runtime is dominated by the time for initialization involving sort-
ing and labeling all jobs in J, we conclude with

Theorem 4.2. interval-scheduling(J) runs in O(nlogn) time for a set J of
n jobs. O

We next turn to the problem of scheduling all tasks, now using multiple
resources. In particular, we consider a set of n events, each defined again by
a pair (s, fe) such that s, < f., where s, and f. indicate, respectively, the
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start and finish time of an event e for e = 1,...,n. The goal is to find the
minimum number of rooms required to schedule all events in the rooms so
that no two events overlap in the same room. That is, we consider

Interval partitioning.

Given: a set of events E, each specifying the start and finish time.

Find: the minimum number of rooms required to schedule all events of E so
that no two events overlap in the same room.

An obvious simple strategy is to schedule given events in the order of the
start time, one at a time, allocating an additional room as needed. Indeed, in
this case, it turns out that this approach actually finds an optimal solution.

Formally, consider this

procedure interval-partitioning(E):
begin
sort and label all e € E so that s; < --- < sp;
g« 0;
for e < 1 until n do
if e is compatible with a room r < g then
schedule e in r
else begin
schedule e in an additional room g + 1;
g+—g+1
end;
return g
end

To prepare for proving optimality, we first define the notion of a depth.
In general, the depth of a set of intervals I, denoted by d(I), is the maximum
number of intervals that overlap at any given time. Clearly, in this case, the
number of rooms required is at least as many as the depth of the given set
of events.

Evidently, the algorithm schedules all events of E, but it never schedules
overlapping events in the same room. An immediate consequence of this is

Lemma 4.3. interval-partitioning(FE) allocates at least d(E) rooms. O
We now prove

Theorem 4.4. interval-partitioning(E) finds an optimal schedule in d(E)
ToOms.
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Proof. Let g be the “greedy” number of rooms the algorithm allocates and
returns. We will prove that g = d(E).

The algorithm allocated the last room g to schedule an event e because
there are g — 1 overlapping events already scheduled in the g — 1 rooms at
that time. Since the algorithms considers all events in the order of the start
time, all such overlapping events start no later than s(e). With e, there are
g overlapping events at s(e). That is, d(E) > g. On the other hand, Lemma
4.3 asserts that g > d(E). We conclude that g = d(E). O

It remains to prove

Theorem 4.5. interval-partitioning(E) runs in O(nlogn) time for a set E
of n events.

Proof. As before, for initialization, we sort and label all events in E. This, of
course, requires O(nlogn) time. Then, for each event, we need to determine
a compatible room if it exists. For this, we maintain a priority queue of all
allocated rooms using the finish time of the last events scheduled as their
“keys” for which, the earlier the finish time, the higher the priority. It then
suffices to check if an event is compatible with the room with the highest
priority. We recall that maintaining a priority queue of at most n elements
this way requires O(nlogn) time (see, e.g., [5, §2.5]). O

We return to single-resource scheduling. This time, we are given a set
of n jobs, each specifying the deadline d; and length of time ¢; required to
complete for j = 1,...,n. While it requires a contiguous time interval to
complete each job, both start and finish time are now flexible. As before,
scheduled intervals cannot overlap, but, given the start time s; and finish
time f; now being flexible, the goal is to schedule all jobs, while minimizing
the worst of all delays or “lateness” defined by:

{fj—dj iffj>dj

¢ = max {;, where {; =

j=1,...,n 0 otherwise

In summary, we consider

Minimizing lateness.

Given: a set of jobs J, each specifying the deadline and length of time
required.

Find: a schedule of all jobs of J minimizing the worst of all lateness.
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An obvious simple strategy is to schedule given jobs, one at a time, in
the increasing order of their deadlines. Indeed, this approach actually finds
an optimal solution.

Formally, consider this

procedure minimizing-lateness(J):
begin
sort and label all j € J so that di < --- < d,;
G + 0;
t <+ 0;
for j < 1 until n do begin
schedule j from s; =t until f; =¢+¢; in G}
tt+tj
end;
return G
end

To prepare for proving optimality, we first define the notion of an inver-
sion. In general, an inversion is a pair of jobs j and j' in a schedule S such
that d; < dj/, but j’ is scheduled before j in S. We call such a pair inverted
jobs.

Evidently, since the algorithm schedules all jobs in the increasing order
of their deadlines, the “greedy” schedule the algorithm returns, namely, G,
has no inversions; in addition, GG also has no idle time.

We recall in general that, if a sequence is not sorted, then there is at least
one pair of adjacent elements out of order, or “inverted”, in the sequence. In
the present context, this simply means

Lemma 4.6. If a schedule S with no idle time has an inversion, then S has
one with a pair of adjacent inverted jobs. O

This brings us to this important

Lemma 4.7. If a pair of adjacent inverted jobs are swapped in a schedule
S, then the number of inversions is reduced by one, while not increasing the
worst of all lateness, in S.

Proof. We consider adjacent jobs 7 and ¢’ such that d; < d;/, but ¢’ is sched-

uled before ¢ in S. Let ?; be the lateness of a job j after swapping i and i'.
Let f; be the finish time of a job j after swapping i and 7’.
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Clearly, l; = ¢; for all J # i nor i'. Since i is scheduled earlier after the
swap, ¥; < £;. As for ¢/, if £;; > 0 after the swap, then:

ﬁ/ —_ d,L/ B

fi —dy since fiy = f;
fi —d; since d; < d;
l;

O

IFIA

Thus, swapping 7 and i’ does not increase the worst of all lateness in S. [

We are now ready to prove

Theorem 4.8. minimizing-lateness(J) finds a schedule of all jobs of J min-
mmazing the worst of all lateness.

Proof. Let G be the “greedy” schedule the algorithm returns. Let O be an
optimal schedule with the fewest number of inversions. We may assume that
there is no idle time in O.

If O has no inversion, then, since G schedules all jobs in the order of
their deadlines, it follows that O = G. Suppose now that O has an inversion
with a pair of adjacent inverted jobs ¢ and 7. By Lemma 4.7, swapping i
and ¢’ reduces the number of inversions while not increasing the worst of all
lateness. This is a contradiction. O

As its runtime is dominated by the time for initialization involving sort-
ing and labeling all jobs in J, we conclude with

Theorem 4.9. minimizing-lateness(.J) runs in O(nlogn) time for a set J
of n jobs. O

We now return to the fundamental problem of finding shortest paths in
graphs. We focus on directed graphs whose edges are equipped with lengths
this time. In particular, we consider

Single-source shortest path.

Given: a directed graph G = (V, E), where each edge e € E has a length
le >0, and a node s € V.

Find: for each node v € V, the length of a shortest path from s to v.

In such a graph, the length of a path p, denoted by ¢,, is the sum of the
lengths of all edges of p.
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It turns out that there is a simple greedy approach to solve this problem.
Digkstra’s algorithm, originally proposed in [3] by E. W. Dijkstra, “greedily”
builds, starting from {s}, a set S of nodes whose shortest distances from s
have been known, by adding one node v € V' —5 to S at a time, until S = V.
Formally, consider this

procedure Dijkstra(G, s):
begin
S« {sh
d(s) < 0;
while S # V do begin
select v € V — S that minimizes
d'(v) = min_d(u) + g, )

(u,v)EE
u€esS

add v to 5}
d(v) « d'(v)
end
end

Its correctness follows from

Theorem 4.10. Dijkstra(G, s) maintains the following statement as a loop
invariant: for each v € S, d(v) is the length of a shortest path from s to v.

Proof. Initially, the assertion holds with S = {s} and d(s) = 0. We suppose
that the assertion holds for S # V and that v € V is now being added to S
via (u,v) € E, where u € S. It suffices to prove that d’(v) is the length of a
shortest path from s to v.

By definition, d’(v) is the sum of d(u), the length of a shortest path from
s to u, and the length of (u,v). Consider any path p from s to v. If p’s edge
that leaves S is (x,y) € E, where z € S but y € S, and the path from s to
x in p is denoted by p’, then:

dw) < d(y) since v minimizes d’
< d(w) 44, by the definition of d'(y)
< Ay + f(a:,y) since x € S
< 4 since p’ and (z,y) are parts of p
That is, d'(v) is the length of a shortest path from s to v. O
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The above version of Dijkstra’s algorithm is quite succinct, and it is not
entirely clear how to select efficiently an appropriate v € V — S to add to S.
It appears that, whenever it considers v € V — S to add to .5, the algorithm
must examine all edges from the nodes of S to v, resulting in O(mn) time
in the worst case. It turns out though, using a priority queue, it is possible
to achieve considerably better runtime. For this, we maintain the nodes of
V — S in a priority queue, using d(v) as the key of v € V — S for which, the
smaller d(v), the higher the priority.

We refine the algorithm in the following way:

procedure Dijkstra(G, s):
begin
S« {s};
d(s) < 0;
for each v € V — {s} do
if (s,v) € E then d(v) < {(,,)
else d(v) < oc;
while S # V do begin
select v € V — S that minimizes d(v);
add v to S;
for each (v,w) € E forw eV — S do
d(w) + min(d(w), d(v) + £(yw))
end
end

To select v € V' — S that minimizes d(v), it suffices to remove the node
with the highest priority from the priority queue. Having added such a v to
S, we update, if it improves, d(w) in the priority queue for each (v,w) € E
for w € V — S with d(v) + ()

In general, we recall that, in a priority queue of n elements, insertion, re-
moval and updating a key each takes O(logn) time. After initialization, the
algorithm performs n removals and m key updates. We conclude with

Theorem 4.11. Dijkstra(G, s) runs in O(mlogn) time for a directed graph
G of n nodes and m edges. O
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